Construction of maximally localized Wannier functions (MLWFs) has been implemented within the linear combination of pseudo-atomic orbital (LCPAO) method. Detailed analysis using MLWFs is applied to three closely related materials, single benzene (Bz) molecule, organometallic Vanadium-Bz infinite chain, and V 2 Bz 3 sandwich cluster. Two important results come out from the present analysis: 1) for the infinite chain, the validity of the basic assumption in the mechanism of Kanamori and Terakura for the ferromagnetic (FM) state stability is confirmed; 2) for V 2 Bz 3 , an important role played by the difference in the orbital energy between the edge Bzs and the middle Bz is newly revealed: the on-site energy of pδ states of edge Bzs is higher than that of middle Bz, which further reduces the FM stability of V 2 Bz 3 .
I. INTRODUCTION
The electronic ground state of a periodic system is solved in a set of Bloch functions (BFs). They are eigenfucntions of both the Hamiltonian and lattice translation operators and characterized by two good quantum numbers n and k, the band index and crystal momentum, respectively. Though BFs are widely used in electronic structure calculations, they are difficult to be visualized due to their delocalized nature and hence do not offer an properties is based on the N th order muffin-tin-orbital (NMTO) method. 3, 4 In this work, we only consider the former approach.
MLWFs have stimulated intensive interests since it brings new hope to calculate several properties of materials which are quite hard to do within the representation of BFs. Since they are real in contrast to the complex BFs and well localized in real space, one can visualize them and gain intuitive physical insight into the nature of chemical bonding. It is also possible to extract some characteristic parameters such as the MLWFs' centers and spreads. and electron-phonon coupling. 12, 13 MLWFs are also used for linear-scaling calculations for large systems.
In this paper, we report briefly the implementation of MLWFs within OpenMX, 14 a first-principles electronic structure calculation software package, which is based on the linear combination of pseudo-atomic orbital (LCPAO) basis functions and norm-conserving pseudopotentials within local density approximation (LDA) or generalized-gradient approximation (GGA). Since OpenMX is designed for large-scale ab initio calculations on parallel computers, our implementation is anticipated to allow a fast computation of MLWFs for a wide variety of materials such as biomaterials, carbon nanotubes, magnetic materials with different complex geometrical structures.
In this work, one of the organometallic compounds vanadium-benzene sandwich-like complex, 15,16 V n Bz n+1 , is reexamined by our newly generated MLWFs. This complex is one of the analogues of ferrocene, a prototype of metallocene. Experimentally, V n Bz n+1
with n ≤ 4 have been found to be one-dimensional cluster and have ferromagnetic (FM) ground state with the total magnetic moment increasing nearly linearly with the cluster size.
17 Inspired by these findings, several theoretical calculations 18, 19 have been made on (VBz) n=∞ , an ideal one-dimensional infinite chain. In those works, (VBz) n=∞ is found to have highly stable FM ordering and shows half-metallic behavior. Double exchange was proposed to be the mechanism of FM ordering. 19 On the other hand, by examining the elec-tight-binding model constructed now gives more consistent result with that of the direct first-principles calculation.
In the following, we will describe technical issues regarding the construction of MLWF within the LCPAO method and then three closely related examples are studied, namely, Bz molecule, V-Bz infinite chain and V n Bz n+1 (n=2) finite cluster, to demonstrate the successful applications of our implementation. Finally, we will conclude in Section IV.
II. METHODOLOGY
We will briefly introduce the theory of MLWFs. Only those aspects that are closely related with our LCPAO method will be described in detail. The nth WF, n being the band index, localized in unit-cell at R is defined as Fourier transforms of an isolated band expressed by BF ψ n,k as follows:
where the integral is performed over the whole Brillouin zone (BZ). V is the volume of unit cell and N is the number of unit cells in the sample. e −iφ n,k is the undetermined phase factor, which brings indeterminacy of WF even transformed from a single isolated band.
For a more general case with an isolated group of bands, e −iφ n,k is generalized to a unitary transformation matrix U (k) :
where N w is the total number of BFs in the isolated group of bands, the same as the number of WFs. In one single isolated band case, it has been proven that a suitable choice of the phase of e −iφ n,k leads to WFs which are real and exponentially decaying in real space.
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In multi-band case, the arbitrariness in the gauge transformation U (k) can be exploited.
According to Marzari and Vanderbilt, 1 among all of the arbitrary choices, a particular set will minimize the total spread of WFs, which is defined as mn depends on the basis set used for electronic structure calculation and will be described in the following subsection.
The wave-function within LCAPO method is defined as follow:
where φ iα (r − τ i − R p ) is the pseudo-atomic orbital α centered on site τ i in unit-cell R p and
m,iα is the linear combination coefficients of them at k for band m. The overlap integral
Defining that r = r
in which each term depends on only the relative position R p − R q . Therefore, Eq. (7) can be written as
A uniform grid in real space is used to perform the integral. In practice, e −ir ·b is expanded in terms of r · b
Since r is an extended operator, we find that an expansion up to 4th order is needed to well conserve the unitary condition of M k,b mn . A denser k-space sampling will give smaller b, which helps to improve this conservation and lower order expansion can be used.
C. Initial guess of MLWFs
The minimization of the spread function begins with an initial guess for the target WFs.
Following the approach proposed by Marzari and Vanderbilt, a set of trial functions |g n (r) , n ∈ [1, N w ], are taken as the initial guess of the N w target MLWFs. In our LCPAO method, it is very convenient and natural to take the localized pseudo-atomic orbitals, which are the bases for expanding BFs, as the initial guesses. The center of each orbital can be put at any place in the unit-cell and all the other characters for atomic orbital, such as the radial and angular functions, can be easily controlled by using suitable pseudo-atomic orbitals. The possible hybrids among the atomic orbitals are also available.
D. General settings in OpenMX calculation
Three closely related materials, single Bz molecule, V-Bz infinite chain and V 2 Bz 3 cluster, are chosen to demonstrate our implementation. To calculate their electronic structures, PAOs are generated by a confinement potential scheme. 25 For both hydrogen and carbon, the cutoff radius is 5.0 a.u. while it is 6. In Table. I, we listed the hopping integrals between these six MLWFs in the same unit cell. w i means the MLWF centered around carbon atom i as shown in Fig. 2 . The first column shows the orbital energy of the p z type MLWFs. The hopping integral from w 1 to its two nearest neighbors w 2 and w 6 are -2.88 eV and those to further neighbors w 3 , w 5 and w 4 are 0.19 and -0.24 eV, respectively. The sign change in the hopping integral as the distance increases suggests that the WFs have oscillating tails to satisfy orthogonality relation.
B. Ideal infinite (VBz) n=∞ chain
In our previous work, 15,16 we have analyzed the mechanism of ferromagnetism stability in V-Bz infinite chain. Here we reexamine this system by using MLWFs. The spin polarized band structure FM V-Bz chain is shown in Fig. 3 . Due to the symmetry, when V is sandwiched with Bz, its 3d orbitals will hybridize with Bz's HOMO-2, HOMO, LUMO to we construct eleven MLWFs (six Bz MOs and five V 3d-orbitals) from the eigenstates in the outer window from -8.4 eV to 6 eV as shown in Fig. 3 . To demonstrate our implementation that can be applied to solid system, a 2 × 2 × 20 k-grid is used. As in the Bz molecule case, the disentangling process is also necessary. We started from the initial guess of six p z orbitals on each carbon atom and five d orbitals on V atom. The tolerance for convergence is 10 −12Å2 for both gauge-invariant and -dependent parts of spread functions. Two schemes are used for optimizing the spread function. The SD method is used for first hundreds steps and it converged to 10 −3Å2 . After that conjugate gradient (CG) method is adopted to continue the minimization, which takes about 40 steps to converge to 10 −12Å2 . This hybrid scheme are found to be stabler than just using CG method in some cases, while faster than just using SD method.
The quality of the obtained MLWFs can be seen from the interpolated band structure obtained by the band parameters for MLWFs shown in Fig. 3 , which overlaps that of the original band at most k points. The obvious discrepancy happens in the σ bands around the Fermi level originally composed of dσ and LUMO+1 states. This is because LUMO+1 state is discarded after disentangling. However, these two states have decreasing hybridization strength from Γ to X points, which leads to better reproduction of bands near MLWF is larger than that of dδ is due to the stronger hybridization with Bz's p z like MLWFs while the largest spread of dσ like MLWF is due to the dσ-dσ overlap along the chain. It is also noticed that the spreads of d orbitals in majority (up) spin channel are smaller than those in minority (down) one. As Bz has negative spin polarization against V, the spreads of spin down are also smaller than that of spin up, implying the occupied states may be more localized than unoccupied ones.
The hopping integrals between these MLWFs can give more detailed information on bonding nature and physical mechanism in this system. The hopping integrals between six p z orbitals are compared with those in an isolated Bz molecule in Table I . The on-site energy becomes -4.23 eV and -4.33 eV for spin up an spin down, respectively, which are lower than the one in an isolated Bz molecule due to the crystal field formed by V 2+ ions.
The hopping integrals between neighboring p z orbitals in one carbon ring are a little smaller than those in Bz molecule since the optimized C-C bond length in V-Bz chain is slightly larger than that in an isolated molecule. 15 The on-site energy of five d orbitals listed in Table   III are also classified into three types corresponding to three types of bonds. The hopping integrals between d and p z orbitals depend little on the spin polarization. Here only the the FM configuration. The validity of the above assumption can be easily checked by the molecular orbitals formed with w i (i =1 to 6).
Similarly to a single Bz molecule case, diagonalizing 6 × 6 subspace Hamiltonian constructed from the orbital energy and hopping integrals listed in Table I 
Then in spin up case by using the values listed in Table III 
Similarly, the hopping integrals between HOMOs and dπ orbitals and that between HOMO-2 and dσ orbital can also be calculated as listed in 
